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For I G t < k CI u. let S(t, k, u) denote a Steiner system and let Pr, (u) be the set of all k-subsets 
of theset {i,2,..., u}. We partition PJ 13) into 55 mutually disjoint S(2.4, 13)‘s (projective 
planes). This is the first known example of a complete partition of Pk(u) into disjoint S(t, k, u)‘s 
for k 34 and a a 2. 
1. Intmductiun and bahgruund 
A Steiner system S(t, k, u), 1 s t < k < v, is a subset of P&J) such that each 
t-subset of the u-set is in exactly one of the &-sets. Arithmetically, when an 
S(t, k, V) exists, there can be no more than M(z, k, u) = (L-J mutually disjoint 
S(t, fc, v)‘s. Let D(t, k, V) be the maximal number of mutually disjoint S(t, k, 2))‘s. 
Note &(a) partitions into S(t, k, V)‘S when D(t, k, u) = M(t, k, u). There has been 
significant attention in the literature to the problem of determining D(t, k, u); 
much but not all of this has focused on S(2,3, D)‘s. The following includes most of 
what is known at least for small values of K If t = 1 (so 21 = ck), then Baranyai [l] 
shows that D(l, k, ck) = M( I, k, ck). There are also infinitely many cases where 
D(2,3, u) = M(2,3, u) (see Teirlinck [lo]). Also D(2,3,7) -a: D(3,4,8) = 2 < 5 = 
M(2,3,7) = M(3,4,8) (Cayley [2]); D(2,3,9) = 7 = M(2,3,9) (Kirkman [4]); 
D(3,4,10) = 5 ~7 = M(3,4,10) and D(4,5,11) = D&6,12) = 2 <7 = _M(4,5, 
11) = M(5,6,12) (Kramer, Mesner [5]); and D(2,3, 13) = 11 = M(2,3, 13) 
(Denniston [3]; Kramer, Mesner [6]). Other results can bi: found in [7-g]. 
In this paper we show that D(2,4,13) = 55 = M(2,4, i3), which is the first 
known case where D(t, k, u) = M( t, k, v) with t s 2 and k > 4. Here the 
S(2,4,13)‘s are projective planes of order 3. This case was brought to the 
author’s attention by Spyros Magliveras, who had shown that D(2,4,13) 3 33. 
Earl Kramer was particularly helpful m providing perspective on the problem. 
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Ideally, since S13 contains a (unique, up to conjugacy) group of order 55, one 
could hope that some projective plane would have such a partition as its orbit 
under this group, but in preliminary work, Magliveras and the author determined 
that this was not the case. However, by considering the various cycle types of 
elements of S13, the following lemma is easily established. 
Lemma. Any element of ptime order in S13 which fixes a partition of P4( 13) into 
S(2.4.13)‘~ must be either an element of order 5 fixing 3 points, or an element of 
order 11 or 13. 
In view of the impossibility of a group of order 55 being the automorphism 
group of such a partition, we get: 
Corollary. The automorphism 
have order 1, 5, 11 or 13. 
group of a partition of P,(13) into S(2,4,13)‘s must 
The next section describes the results of an exhaustive search for partitions of 
the above kind with automc,rphism group of order 11. We assume in particular 
that the partition is preserved by the 1 l-cycle (1 2 3 4 5 6 7 8 9 10 11) E &. 
3. Methods and results 
The basic method used was a moderately sc;phisticated backtrack search on the 
orbits of projective planes under the above 1 l-cycle. First, representatives for the 
:;rhits of planes under the unique group CT: of order 55 containing this 1 l-cycle 
were found. This was done by noting tha CT, is 2-transitive on {1,2,3, . . . , 111, 
so that each orbit includes exactly o w plane containing the line ($-set) 
( 10 1 t 12 13). Any one such plane has all of them (20160 in all) as its orbit under 
L- permutations of {1,2,3, . . . ,8). Exactly 7136 of these orbits yield orbits 
under the 1 l-cycle which do not contain duplicate lines, and orbit representatives 
for the orbits under the 1 l-cycle can be obtained by taking the translates of the 
orbit representatives under C;, by the powers of any one element of order 5 in 
the Ci,. Thus we get 5 classes of orbit represcntativcs under the 1 l-cycle, where 
each class has size 7 136 and shares the same line containing the points 12 and 13. 
A partition must therefore consist of a union of the orbits of exactly one element 
from each class, such that the lines of the representatives contain one element 
from each orbit of lines under the 1 l-cycle. In practice, the computer worked with 
numbers indicating the orbits of lines under the 11-cycle, and the actions of a 
5-c Jcle on these orbits. To shorten the search. the S-cycle was used to insure that 
the orbit representative under the 1 l-cycle cob?taining the line (10 11 12 13) came 
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Table 1. Elements g E S,3 such that Pg’s form orbit representatives under 
the 1 l-cycle (12 l - l 11) for a partition of P,(I3). 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
1s 
(I), (2 3 10 4 5)(6 9)(7 118), (2 6 3 lO)(S 9)(7 8 1 l), 
(3911564710),(2106357119) 
(1),(2118697104),(2410)(31175896), 
(2 6)(3 115 7 10)(4 9 8), (2 10 6 3 4 5)(9 11) 
(249635),(21189367104),(211710)(358946), 
(2710349)(511),(27511983)(4106) 
(25)(49),(27931045)(811),(2810)(34117956), 
(24 103)(578 11),(27 1068 1195)(34) 
(2 5)(4 9), (2 10 4 7 9 118 3 6), (2 3 9 5 8 10)(4 11 7 6), 
(27115103648),(278106311945) 
(35679)(48),(253961047118), 
(29853411710),(2471158)(36910~, 
(2 1065378 119) 
(2 7 8 3 4)(5 9 6), (2 11 8 9 5)(3 6)(4 7 101, 
(2 9 10)(3 11 7 6 4 5 81, (3 10)(4 11 5)(6 7 8), 
(235 10687 119), 
(294)(378)(56), (23 1047 118569), 
(2 E0)(3 4 9 117 6 5), (2 9)(3 7 10X4 11 5 6 81, 
(258374119106) 
(2 3 6 5 9)(4 7 S), (2 6)(3 S)(4 9 5 10X8 1 l), 
(2117810)(34)(59),(39115Y410), 
(3 106x487 11 9% 
(247836)(59),(275911831046), 
(2 117 8 3 5 10)(4 9 6), (2 9 7 10 3 4j(S 6 8 111, 
(285 119106374) 
(4 5 ttj, (2 6 3 7 9 10 4 1181, (2 4 3 5 lON6 9X7 1 I), 
(279481031156~,(24)(311910658) 
(2 5 4 9 8 7 6 3). (2 7 11 8X3 6 5 10 4 91, 
(29810)(311756L(2103498M6711), 
(24 11935 106) 
(2 4 5 9 6)(3 7), (2 5 3 7 11 8 9)(4 10). 
(293 11 7 10)(4658),(2647 11 5 1039), 
(2 7 8 11 9)(3 10 6)(4 5) 
(3 6 S)(7 9), (2 9 7 11 8 6 10 4). (L. 6 9 11 7 10)(4 8). 
(269103847115),(21198541063) 
P is the projective plane containing the lines (12 4 12), (1 3 5 1 l), 
(I 6 7 13). (2 3 9 13), (2 5 7 10) and (3 4 6 10). 
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from the earliest orbZt in our list of 20160 orbits under C:,. (It was later realized 
that the full normalizer of the 1 l-cycle could have been used here to reduce the 
search further.) The programs used were written in Fortran and run on a hybrid 
system of IBM 360 and 370 machines at the lJniversity of Nebraska. The main 
backtrack search ran in 256 kilobytes of core and took approximately 17 hours of 
CPU time to run to completion. It found 15 non-isolnorphic partitions of P4( 13). 
These partitions are indicated in the following way in Table 1: Let P be the 
projective plane containing the lines (12 4 12), (13 5 ll), (16 7 13), (2 3 9 13), 
(2 5 7 10) and (3 4 6 10). Each of the 15 segments of the table lists 5 elements of 
Z&J which, when app!ied to P, translate it to 5 orbit representatives for the orbits 
under the 1 l-cycle forming the partition. 
Note that in all, using the normalizer of this 1 l-cycle we get exactly 300 
partitions preserved by any one 1 l-cycle. Some planes occur in 2 of these 
partitions. others in 1, and most in none. Reasons explaining such behavior might 
well hc of use in trying to extend the results here to larger cases. 
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